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Abstract
Viewing gravitational energy-momentum pµG as equal by observation, but
different in essence from inertial energy-momentum pµI naturally leads to the
gauge theory of volume-preserving diffeormorphisms of an inner Minkowski
space M4 . The generalized asymptotic free scalar, Dirac and gauge fields in
that theory are canonically quantized, the Fock spaces of stationary states are
constructed and the gravitational limit - mapping the gravitational energy-
momentum onto the inertial energy-momentum to account for their observed
equality - is introduced. Next the S-matrix in quantum gravity is defined as the
gravitational limit of the transition amplitudes of asymptotic in- to out-states
in the gauge theory of volume-preserving diffeormorphisms. The so defined S-
matrix relates in- and out-states of observable particles carrying gravitational
equal to inertial energy-momentum. Finally generalized LSZ reduction formu-
lae for scalar, Dirac and gauge fields are established which allow to express
S-matrix elements as the gravitational limit of truncated Fourier-transformed
vacuum expectation values of time-ordered products of field operators of the
interacting theory. Together with the generating functional of the latter estab-
lished in [10] any transition amplitude can in principle be computed consistently
to any order in perturbative quantum gravity.
1 Introduction
The Standard Model of the electromagnetic, weak and strong interactions
is based on connecting observed conservation laws through Noether’s the-
orem with global symmetries of matter field theories which then are made
local requiring the existence of gauge fields in the process.
More specifically field theory allows to link conservation laws for e.g.
the electric charge, weak iso-spin, colour, energy- and angular-momentum
to specific symmetries of the action because fields provide the neces-
sary inner and space-time degrees of freedom to carry representations of
symmetry groups and because the Lagrangian approach allows to easily
construct actions invariant under these symmetry transformations. The
Noether mechanism then guarantees for each symmetry the existence of
a conserved current and charge which can be interpreted in terms of the
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observed conserved quantity. This has been successfully applied to the
conservation of e.g. the electric charge requiring a field theory to be in-
variant under U(1), to the conservation of weak iso-spin requiring invari-
ance under SU(2), the conservation of colour requiring invariance under
SU(3) and the conservation of energy- and angular-momentum requiring
invariance under the Poincare´ group.
By construction the actions one starts with are only invariant un-
der global symmetry transformations, but not under local ones. The
introduction of a covariant derivative with a gauge field living in the
adjoint representation of the symmetry group ensures the invariance of
the action also under local transformations. Assuming renormalizable
matter Lagrangians, minimal coupling - replacing ordinary by covariant
derivatives - preserves the renormalizability of the matter Lagrangian
and requiring a renormalizable gauge field Lagrangian uniquely deter-
mines the latter by dimensional analysis. This program applied to the
inner symmetries U(1), SU(2), SU(3) successfully leads to the photon
field/Electrodynamics, the electro-weak gauge bosons/EW interaction,
the gluon field/Chromodynamics [1, 2, 3, 4]. And - dropping the renor-
malizability condition - gauging the translation group as a space-time
symmetry leads to general relativity (GR) or generalizations thereof [5].
But can the above line of thinking also be fruitful in suggesting alter-
native theories of gravitation? The original line of thinking in developing
GR starts with the observation that inertial and gravitational mass have
the same experimental values. The equivalence principle then postulates
their essential identity which necessarily leads to a geometrization of grav-
ity and to GR.
We propose to follow another route following closely the above gauge
program [6, 7, 8, 9, 10]: let us keep inertial and gravitational mass (or
more appropriately inertial energy-momentum and gravitational energy-
momentum) as two essentially different entities in the interacting theory,
thereby postulating the existence of two different conserved four-vectors
- one related by Noether’s theorem to space-time translation invariance
and the second one to a new inner symmetry.
This inner symmetry has to generate a conserved four-vector serving as
gravitational energy-momentum. Following the general program outlined
above the most simple way to generate such a conserved four-vector is
to have fields carry a representation of an inner global translation group.
Invariance of the action then generates the required vector.
Below we will summarize the construction of the gauge field theory
of the volume-preserving diffeomorphism group where the latter acts as
an inner symmetry group [8]. To uncover the physical content of the
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quantized theory we discuss in this paper its asymptotic states obtained
by canonical quantization for both matter and gauge fields.
Linking the theory to observable quantities e.g. scattering amplitudes
requires the numerical identification of gravitational with inertial energy-
momentum through a limiting process or the introduction of a ”gravita-
tional limit”. On the basis of this limit we then define the S-matrix in
quantum gravity and finally establish the necessary generalizations of the
usual LSZ reduction formulae for both matter and gauge fields which link
observable gravitational scattering amplitudes to the Green functions of
the interacting theory. The generating functional of the latter we have
constructed in [10] and also hinted there at the theory’s renormalizability
a full proof of which we have established in the meantime [11].
All together this defines a renormalizable theory which is technically
complete and allows us to perturbatively compute any quantum scattering
process of interest. As an application showing how the approach works in
practice we have calculated in [12] the gravitational scattering amplitude
and cross-section of two Dirac particles to lowest order in perturbation
theory.
2 Gauge Theory of the Group of Volume-
Preserving Diffeomorphisms
In this section we present the consequences of viewing gravitational energy-
momentum pµG as equal by observation, but different in essence from in-
ertial energy-momentum pµI and how the conservation of both quantities
can be accounted for in a field theory context leading to a gauge theory
of the group of volume-preserving diffeomorphisms as outlined in [8].
To explore an alternative route to a viable field theory of gravitation
let us go back to the very fundament - namely the two experimental
observations that (1) the inertial and gravitational masses of a physical
body are numerically equal, mI = mG, and that (2) the inertial energy-
momentum of a closed physical system is conserved, pµI = conserved.
Taking both together we then can write in the rest frame of the body
pµI = (mI , 0) =
(1)
(mG, 0) = p
µ
G, (1)
where we have tentatively introduced the gravitational energy-momentum
pµG which we keep as an entity a priorily different from p
µ
I . Note that p
µ
G
is conserved due to Eqn.(1).
In GR mI = mG is interpreted as an essential identity which leads to
the usual geometrical description of gravitation.
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As discussed in detail in [8] we propose to follow a different route
and investigate the consequences of viewing mI and mG or p
µ
I and p
µ
G as
different by their very natures - the prevailing view before Einstein which
comes at the price of accepting the observed numerical equality mI = mG
as accidential.
Both pµI and p
µ
G are four-vectors which are conserved, but in our ap-
proach through two different mechanisms. Obviously the conservation of
pµI is related to translation invariance in space-time. Let us use Noether’s
theorem to separately derive the conservation of a new four-vector in a
field theoretical framework relating it to an inner continous symmetry
of the theory specified below as invariance under volume-preserving dif-
feomorphisms. That four-vector is then interpreted as the gravitational
energy-momentum pµG.
To mathematically implement the idea we start with infinitesimal dif-
feomorphisms
Xα −→ X ′α = Xα + Eα(X), α = 0 , 1 , 2 , 3 (2)
acting on R4 with points labelled by Xα. X ′α(X) denotes an infinites-
imal invertible and differentiable coordinate transformation of R4 and
DIFF R4 acts as a group on this space under composition.
To represent this group on fields we have to add the necessary degrees
of freedom to the fields in question. So let us take a general matter field φ
which has to be defined for our purposes on the product of the usual four-
dimensional Minkowski space-time M4 and the four-dimensional inner
space R4 introduced above
φ(x)→ φ(x,X) (3)
with Lagrangian
LM =
∫
d4X Λ−4LM(φ, ∂µφ). (4)
Here, we have introduced a length scale Λ which is necessary to define an
appropriate summation over the field components continuosly labelled by
X . This summation measure has to be dimensionless as is the summation
over the field components discretely labelled in the usual case of compact
gauge groups - hence the necessity to introduce a length scale Λ so that∫
d4X Λ−4 is dimensionless.
We note here that Λ plays a crucial role at different places in our
approach and the theory - to be viable - cannot depend on the specific
choice of such a Λ. Hence, we have proven the equivalence of theories with
different Λ based on an inner scale invariance of the theory established
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in Eqn.(27) in [8] which means that Λ can be chosen to be the Planck
scale. This scale invariance is respected both by the regularization of
inner volume integrals which occur at various places in the definition of
the theory [8, 10] and by the quantized theory as the symmetry is linearly
realized and hence survives quantization [10].
To next represent the group DIFF R4 on the matter field we take the
passive view of diffeomorphisms
xµ −→ x′µ = xµ, Xα −→ X ′α = Xα, (5)
φ(x,X) −→ φ′(x,X) = φ(x,X)− Eα(X) · ∇α φ(x,X)
transforming fields, but not coordinates.
Defining the variation δ
E
.. ≡ ..′− .. of an expression under an infinites-
imal diffeomorphism or gauge transformation we find
δ
E
LM = −
∫
d4X Λ−4∇α ·
(
Eα(X)LM(φ, ∂µφ)
)
= 0 (6)
provided that the infinitesimal gauge parameter Eα(X) is divergence-free
∇αEα(X) = 0. (7)
This condition reduces the gauge group to volume-preserving diffeo-
morphisms DIFF R4 which we will work with in the sequel. It is easily
shown to be a group and restricts the Eα(X) to be divergence-free.
For the Lagrangian Eqn.(4) Noether’s theorem then yields for any so-
lution of the field equation four conserved currents
Jν α(x) ≡
∫
d4X Λ−4
∂LM
∂(∂νφ)
∇α φ (8)
∂νJ
ν
α(x) = 0, α = 0 , 1 , 2 , 3
and four time-independent charges
Pα ≡
∫
d3x J0 α, α = 0 , 1 , 2 , 3 (9)
which is the looked-for conserved inner four-vector generating global in-
ner coordinate transformations in field space. After gauging the current
Eqn.(8) will serve as the source of the corresponding gauge field. Note that
the above construction is transferable to any other given matter field.
For clarity a comparison with the usual Yang-Mills situation might
help. In our approach the theory being invariant under volume-preserving
diffeomorphisms comes along with gravitational momentum conservation
- accounted for by field theory means and Noether’s law in analogy to
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how the conservation of e.g. colour in QCD is accounted for through an
SU(3) global symmetry. In our case, however, the fields live on an infinite-
dimensional space labelled by a continous index X and not as in the QCD
case on a three-dimensional vector space labelled by a discrete index. In
[6] we have worked out this analogy in more detail. Hence the theory is not
eight-dimensional, but features four space-time dimensions which is also
underlined by the four-dimensional field equations for the various fields
displayed in Sections 3 and 4. In addition the fields carry a representation
of the volume-preserving diffeomorphism group which is related to the
four inner space dimensions. The global inner symmetry yields through
Noether’s theorem the conservation of gravitational momentum, gauging
it leads to the gauge fields to which we turn next.
To obtain these we next allow for x-dependent infinitesimal volume-
preserving gauge parameters Eα(X) → Eα(x,X), ∇αEα(x,X) = 0. Note
that Eqns.(5) still define the representation of the gauge group in field
space.
To ensure the local gauge invariance of the Lagrangian Eqn.(4) we have
to replace ordinary derivatives by covariant ones ∂µ → Dµ
Dµ(x,X) ≡ ∂µ + Aµ α(x,X) · ∇α (10)
thereby introducing gauge fields Aµ
α(x,X) which are divergence-free
∇αAµ α(x,X) = 0 (11)
consistent with ∇βEβ(x,X) = 0. The transformation law for the gauge
field is easily derived
δ
E
Aµ
α = ∂µEα + Aµ β · ∇βEα − Eβ · ∇βAµ α (12)
and respects ∇αδEAµ α = 0.
By construction we find the Lagrangian Eqn.(4)
δ
E
LM(φ,Dµφ) = −
∫
d4X Λ−4∇α
(
Eα(x,X) · LM(φ,Dµφ)
)
= 0 (13)
to be invariant under local gauge transformations.
The field strength components are defined as usual by
[Dµ(x,X), Dν(x,X)] ≡ Fµν α(x,X) · ∇α. (14)
They are expressed by the gauge fields as
Fµν
α(x,X) = ∂µAν
α(x,X)− ∂νAµ α(x,X) (15)
+Aµ
β(x,X) · ∇βAν α(x,X)− Aν β(x,X) · ∇βAµ α(x,X)
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and transform covariantly under a local gauge transformation
δ
E
Fµν
α = Fµν
β · ∇βEα − Eβ · ∇βFµν α. (16)
Finally, a gauge-invariant, minimal and renormalizable Lagrangian for
the gauge field is given by [8]
LG(Aµ α, ∂νAµ α;∇βAµ α) = 1
4Λ2
Fµν
α(x,X) · F µν α(x,X), (17)
LG =
∫
d4X Λ−4LG(Aµ α, ∂νAµ α;∇βAµ α).
The Lagrangian involves contraction of inner indices by an inner metric
[8] which we have chosen to be the Minkowski metric ηαβ in inner space.
Correspondingly we have partially fixed the gauge to those coordinate
transformations which leave ηαβ invariant [8]. In the sequel we will only
work in these so-called Minkowskian gauges. As a result the inner space
R4 becomes a metric space (R4 , η) or inner Minkowski space M4 and
points in that space transform as vectors under the inner Poincare´ group.
3 Asymptotic States: Matter Fields
In this section we generalize canonical quantization to both a free scalar
and a free Dirac field living on M4 ×M4 . Solving the field equations
we express all: the fields, the inertial energy-momentum and the inner
momentum constructed in the preceding section in terms of creation and
annihilation operators. The field quanta corresponding to the free scalar
and Dirac fields carry both inertial energy-momentum and inner momen-
tum. We then construct the Fock spaces and the propagators belonging
to both sorts of fields. Finally we introduce the concept of ”gravitational
limit” to connect the field quanta with observable particles.
As we aim in this paper to define a viable S-matrix for quantum grav-
ity we have to first construct the Fock spaces of the asymptotic in- and
out-states which are labeled by a complete set of observables such as their
mass, energy-momentum, spin, charge etc. Note that these asymptotic
in- and out-states exist as the gauge theory of volume-preserving diffeo-
morphisms coupled to all other SM fields is not asymptotically free as we
have shown at one loop in [10]. We now turn to the construction of the
asymptotic in- and out-states for scalars, Dirac spinors and - in the next
section - gauge vector fields respectively.
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3.1 Scalar Field
Let us start with the Lagrangian density for a free scalar field defined on
M4 ×M4 in analogy to the Dirac case
LS(ϕ, ∂µϕ) = 1
2
∂µϕ(x,X) · ∂µϕ(x,X)− m
2
2
ϕ2(x,X). (18)
Note that by minimal coupling ∂µ → Dµ we would obtain the gauge
invariant Lagrangian density including interaction terms.
The Euler-Lagrange equation for the free field is
(
−∂2 −m2
)
ϕ(x,X) = 0. (19)
To canonically quantize we first calculate the canonically conjugate
field momentum
Π (x,X) =
∂LS
∂ (∂0ϕ(x,X))
= ∂0ϕ(x,X) (20)
and impose generalized canonical equal-time commutation relations
[
ϕ(t, x;X), ϕ(t, y; Y )
]
= 0[
Π (t, x;X),Π (t, y; Y )
]
= 0 (21)[
ϕ(t, x;X),Π (t, y; Y )
]
= iΛ4 δ4(X − Y ) δ3(x− y).
Note the appearance of factors of Λ to ensure the correct canonical field
dimensions.
Next we ”solve” the field equation Eqn.(19) by Fourier transforming
ϕ(x,X) =
∫
d3k
(2pi)3 2ωk
∫
d4K
(2pi)4
Λ4
{
a(k,K) e−ikx−iKX + h.c.
}
(22)
and keeping kµ = (ωk, k) on the mass shell
k2 = m2 or ωk =
√
k2 +m2. (23)
Note that only the inertial or space-time field modes are ”on-shell”
and obey the dispersion relation Eqn.(23) as the field in inertial x-space
obeys the Lagrange equation Eqn.(19). The inner modes on the other
hand do not live on a definite mass shell. This is because the inner X-
space and the fields defined on this innerX-space are introduced to carry a
representation of the volume-preserving diffeomorphisms of anM4 in field
space. Fourier-transformation of the field cannot be done onto a definite
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mass shell K2 = const which would be a three-dimensional subspace of
M4, but must be done onto a four-dimensional subspace of M4.
Inverting Eqn.(22) yields for a
a(k,K) = i
∫
d3x
∫
d4X Λ−4 eikx+iKX ∂0
↔
ϕ(t, x;X) (24)
with an analogous expression for a†. The canonical commutation relations
for the a, a† are easily calculated
[a(k;K), a(h;H)] = 0[
a†(k;K), a†(h;H)
]
= 0 (25)[
a(k;K), a†(h;H)
]
= 2ωk Λ
−4 (2pi)4δ4(K −H) (2pi)3δ3(k − h).
Note that without loss of generality it is possible to restrict the support
of the a, a† in inner momentum space
supp
(
a(k;K)
)
= R3 ×
(
V+(K) ∪V−(K)
)
(26)
to time- and light-like vectors, where
V±(K) = {K ∈M4 | K2 ≥ 0, ±K0 ≥ 0}. (27)
This is a natural restriction in view of gravitational and inertial energy-
momentum being observationally equal and which for the gauge fields is
a condition equivalent to its field energy being positive [8].
The canonical energy-momentum tensor is calculated as usual
Θµν(x) =
∫
d4X Λ−4
{
∂µϕ(x,X) · ∂νϕ(x,X) (28)
− ηµν
(
1
2
∂ρϕ(x,X) · ∂ρϕ(x,X)− m
2
2
ϕ2(x,X)
)}
and yields the conserved inertial energy-momentum vector operator
pν =
∫
d3xΘ0ν(x). (29)
Note that letters in bold face indicate quantum operators in this paper.
Next we re-express both the momentum three vector
pi =
∫
d3x
∫
d4X Λ−4 ∂0ϕ(x,X) · ∂iϕ(x,X) (30)
=
1
2
∫
d3k
(2pi)3 2ωk
∫
d4K
(2pi)4
Λ4 ki
{
a(k;K)a†(k;K) + h.c.
}
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and the energy
p0 = H =
1
2
∫
d3x
∫
d4X Λ−4
{
∂0ϕ(x,X) · ∂0ϕ(x,X)
+ ∂iϕ(x,X) · ∂iϕ(x,X) +m2 ϕ2(x,X)
}
(31)
=
1
2
∫ d3k
(2pi)3 2ωk
∫ d4K
(2pi)4
Λ4 ωk
{
a(k;K)a†(k;K) + h.c.
}
in terms of the a, a†. The two expressions can be combined into the
covariant inertial energy-momentum vector
pν =
1
2
∫
d3k
(2pi)3 2ωk
∫
d4K
(2pi)4
Λ4 kν
{
a(k;K)a†(k;K) + h.c.
}
. (32)
In an analogous way we next determine the inner momentum tensor
Jµ α(x) =
∫
d4X Λ−4 ∂µϕ(x,X) · ∇αϕ(x,X) (33)
and the conserved inner momentum vector
Pα =
∫
d3xJ0 α(x)
=
∫
d3x
∫
d4X Λ−4 ∂0ϕ(x,X) · ∇αϕ(x,X) (34)
=
1
2
∫ d3k
(2pi)3 2ωk
∫ d4K
(2pi)4
Λ4Kα
{
a(k;K)a†(k;K) + h.c.
}
.
All of the above formula are correct up to the introduction of normal
ordering which we do not discuss here as no new features arise.
The calculation of the commutators of inertial energy-momentum and
inner momentum with a† yields[
pµ, a
†(k;K)
]
= kµ a
†(k;K) (35)[
Pα, a
†(k;K)
]
= Kα a
†(k;K).
With the help of these commutators we directly cross-check the conserva-
tion of both types of momenta
[H,pµ] = 0, [H,Pα] = 0 (36)
and derive the usual particle interpretation starting with a vacuum state
|0〉 with 〈0 |0〉 = 1 (37)
which is annihilated by the destruction operator a
a(k;K) |0〉 = 0 (38)
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and out of which the creation operator a† generates one-particle states
a†(k;K) |0〉 = one-particle state (39)
with definite energy-momentum k, inner momentum K and with normal-
ization
〈0 |a(h;H)a†(k;K) |0〉 = 2ωk Λ−4 (2pi)4δ4(K −H) (2pi)3δ3(k − h). (40)
Acting on a simultaneous eigenstate | h,H〉 of pµ and Pα with eigen-
values hµ and Hα respectively we find
pµ a
†(k;K) |h,H〉 = (hµ + kµ) a†(k;K) |h,H〉
pµ a(k;K) |h,H〉 = (hµ − kµ) a(k;K) |h,H〉 (41)
Pα a
†(k;K) |h,H〉 = (Hα +Kα) a†(k;K) |h,H〉
Pα a(k;K) |h,H〉 = (Hα −Kα) a(k;K) |h,H〉
which allows us to construct the Fock space of stationary states by ap-
plying multiple creation operators on the vacuum state. Due to Eqn.(40)
the stationary states have positive norm as required for a consistent prob-
abilistic interpretation of the theory.
Finally we calculate the time-ordered product of two field operators to
obtain the Feynman propagator for free scalar fields
〈0 |T (ϕ(x,X)ϕ(y, Y )) |0〉 = iΛ4 δ4(X − Y ) · (42)∫
d4k
(2pi)4
e−ik(x−y)
1
k2 −m2 + iε
which is local in inner space.
As already pointed out we observe in Nature only particles with the
same values for inertial and gravitational mass or in an arbitrary Lorentz
frame with the same values for inertial and gravitational energy-momentum.
This leads us to introduce the ”gravitational limit” by mapping K onto k
a¯†(k) = lim
K→k
a†(k;K). (43)
The normalization of such states[
a¯(k), a¯†(h)
]
= lim
K→k
lim
H→h
2ωk Λ
−4 (2pi)4δ4(K −H) (2pi)3δ3(k − h) (44)
involves a regularization of the inner volume
δ4(0) ∼ 1
(2pi)4
∫
d4X → V
reg
(2pi)4
(45)
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after which we find
[
a¯(k), a¯†(h)
]
= 2ωk
Vreg
Λ4
(2pi)3δ3(k − h) (46)
= 2ωk (2pi)
3δ3(k − h)
using the fact that Λ is an a priori unspecified parameter which we can
freely choose so that
Vreg
Λ4
= 1 (47)
holds. After such a choice we can still rescale Λ using the scaling properties
of the Lagrangian and the quantum Green functions discussed in [8, 10].
Hence a¯, a¯† are properly normalized destruction and creation operators
belonging to a free scalar field (but with field quanta still remembering
that they carry both inertial and inner energy-momentum). These are the
operators generating the field quanta which represent observable scalar
particles in our approach.
3.2 Dirac Field
Let us start with the symmetric Lagrangian density for a free Dirac field
defined on M4 ×M4
LD(ψ, ∂µψ) = i
2
{
ψ¯(x,X)(∂/
→
ψ(x,X))− (ψ¯(x,X)∂/←)ψ(x,X)
}
(48)
−mψ¯(x,X)ψ(x,X).
Note that by minimal coupling ∂µ → Dµ we would obtain the Lagrangian
density including interaction terms.
The Euler-Lagrange equation for the free Dirac field is
(
i ∂/
→ −m
)
ψ(x,X) = 0. (49)
To quantize we first ”solve” the field equation Eqn.(49) by Fourier
transforming the field
ψ(x,X) =
∫ d3k
(2pi)3
m
k0
∫ d4K
(2pi)4
Λ4
∑
s=1,2
(50)
{
b(k, s;K)u(k, s) e−ikx−iKX + d†(k, s;K)v(k, s) eikx+iKX
}
and putting kµ on the mass shell
k2 = m2 or k0 =
√
k2 +m2. (51)
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Above s denotes the spin, u(k, s) and v(k, s) denote solutions of the free
Dirac equation in k-space with the usual normalizations [2].
Inversion yields for b and d† respectively
b(k, s;K) =
∫
d3x
∫
d4X Λ−4 eikx+iKXu¯(k, s)γ0ψ(t, x;X) (52)
d†(k, s;K) =
∫
d3x
∫
d4X Λ−4 e−ikx−iKX v¯(k, s)γ0ψ(t, x;X).
We note that without loss of generality it is possible to restrict the support
of the b, d† and their conjugates in inner momentum space to time- and
light-like vectors
supp
(
b(k, s;K)
)
= supp
(
d†(k, s;K)
)
= R3 ×
(
V+(K) ∪V−(K)
)
. (53)
The canonical energy-momentum tensor is calculated as usual
Θµν(x) =
∫
d4X Λ−4
i
2
ψ¯(x,X)γµ∂ν
↔
ψ(x,X) (54)
and yields the conserved inertial energy-momentum vector
pν =
∫
d3k
(2pi)3
m
k0
∫
d4K
(2pi)4
Λ4 kν
∑
s=1,2
(55)
{
b†(k, s;K)b(k, s;K)− d(k, s;K)d†(k, s;K
}
.
To consistently quantize we require the b, b† and the d, d† to fulfil the
following anti-commutation relations{
b(k, s;K), b†(h, t;H)
}
=
{
d(k, s;K), d†(h, t;H)
}
(56)
=
k0
m
δst Λ
−4 (2pi)4δ4(K −H) (2pi)3δ3(k − h).
It is then easy to deduct the corresponding anti-commutation relation for
the field components{
ψξ(t, x;X), ψ
†
η(t, y; Y )
}
= δξη Λ
4 δ4(X − Y ) δ3(x− y). (57)
We next determine the inner momentum tensor
Jµ α(x) =
∫
d4X Λ−4
i
2
ψ¯(x,X)γµ∇α↔ ψ(x,X) (58)
and - up to normal ordering - the conserved inner momentum vector
Pα =
∫
d3k
(2pi)3
m
k0
∫
d4K
(2pi)4
Λ4Kα
∑
s=1,2
(59)
{
b†(k, s;K)b(k, s;K) + d†(k, s;K)d(k, s;K
}
.
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The calculation of the commutators of inertial energy-momentum and
inner momentum with b† and d† yields
[
pµ, b
†(k, s;K)
]
= kµ b
†(k, s;K)[
pµ, d
†(k, s;K)
]
= kµ d
†(k, s;K) (60)[
Pα, b
†(k, s;K)
]
= Kα b
†(k, s;K)[
Pα, d
†(k, s;K)
]
= Kα d
†(k, s;K).
The usual particle interpretation is obtained starting with a vacuum
state
|0〉 with 〈0 |0〉 = 1 (61)
which is annihilated by the destruction operators b, d
b(k, s;K) |0〉 = 0, d(k, s;K) |0〉 = 0 (62)
and out of which the creation operators b†, d† generate one-particle and
-antiparticle states respectively
b†(k, s;K) |0〉 = one-particle state (63)
d†(k, s;K) |0〉 = one-antiparticle state
with definite energy-momentum k, inner momentum K, spin s and with
normalizations
〈0 |b(k, s;K)b†(h, t;H) |0〉
= 〈0 |d(k, s;K)d†(h, t;H) |0〉 (64)
=
k0
m
δst Λ
−4 (2pi)4δ4(K −H) (2pi)3δ3(k − h).
Acting on a simultaneous eigenstate | h,H〉 of pµ and Pα with eigen-
values hµ and Hα respectively we find
pµ b
†(k, s;K) |h,H〉 = (hµ + kµ) b†(k, s;K) |h,H〉
pµ b(k, s;K) |h,H〉 = (hµ − kµ) b(k, s;K) |h,H〉 (65)
Pα b
†(k, s;K) |h,H〉 = (Hα +Kα) b†(k, s;K) |h,H〉
Pα b(k, s;K) |h,H〉 = (Hα −Kα) b(k, s;K) |h,H〉
and similar relations for d, d† which allows us to construct the Fock space
of stationary states by applying multiple creation operators on the vac-
uum state. Due to Eqns.(64) the stationary states have positive norm as
required for a consistent probabilistic interpretation of the theory.
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Next we calculate the time-ordered product of two field operators to
obtain the Feynman propagator for free Dirac fields
〈0 |T
(
ψ(x,X)ψ¯(y, Y )
)
|0〉 = iΛ4 δ4(X − Y ) · (66)∫
d4k
(2pi)4
e−ik(x−y)
k/+m
k2 −m2 + iε
which is local in inner space.
Finally we introduce the ”gravitational limit” by mapping K onto k
b¯†(k, s) = lim
K→k
b†(k, s;K) (67)
d¯†(k, s) = lim
K→k
d†(k, s;K).
The normalization of these states involves again a regularization of the
inner volume[
b¯(k, s), b¯†(h, t)
]
=
[
d¯(k, s), d¯†(h, t)
]
= lim
K→k
lim
H→h
k0
m
δst Λ
−4 (2pi)4δ4(K −H) (2pi)3δ3(k − h) (68)
=
k0
m
δst
Vreg
Λ4
(2pi)3δ3(k − h) = k
0
m
δst (2pi)
3δ3(k − h)
and yields properly normalized destruction and creation operators belong-
ing to a free Dirac field (but with field quanta still remembering that they
carry both inertial and inner energy-momentum).
4 Asymptotic States: Gauge Field
In this section we quantize the free volume-preserving diffeomorphism
group gauge field. Solving the linearized field equations we express all:
the fields, the inertial energy-momentum and the inner momentum con-
structed in section 2 in terms of creation and annihilation operators and
appropriate polarization vectors. The field quanta carry both inertial
energy-momentum and inner momentum. We then construct the gauge
field Fock space and the propagator. Finally we establish the ”gravita-
tional limit” to connect the field quanta with observable gauge particles.
Let us start with the Lagrangian density Eqn.(17) for the gauge field
defined on M4 ×M4
LG(Aµ α, ∂νAµ α;∇βAµ α) = 1
4Λ2
Fµν
α(x,X) · F µν α(x,X) (69)
+
λ
2Λ2
∂µA
µ
α(x,X) · ∂νAν α(x,X)− µ
2
2Λ2
Aµ α(x,X) ·Aµ α(x,X)
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adding both a gauge-fixing and a mass term to be able to canonically
quantize and to deal with eventual infrared problems [2].
The Euler-Lagrange equation for the gauge field is(
−∂2 − µ2
)
Aµ α(x,X) + (1− λ)∂µ(∂ρAρ α(x,X)) = Jµ α(x,X), (70)
where both gauge field self-interactions and interactions with matter cur-
rents have been collected in the current Jµ
α which by construction is
divergence-free in space-time as well as in inner space
∂µJµ
α(x,X) = 0, ∇αJµ α(x,X) = 0. (71)
Taking the space-time divergence of Eqn.(70)(
−∂2 − µ
2
λ
)
(∂ρA
ρ
α(x,X)) = 0 (72)
we find that with or without interactions present the divergence of the
gauge field ∂ρA
ρ
α is a free scalar field with mass
µ2
λ
. This in turn allows
us to define the transversal part of the gauge field as usual
ATµ
α(x,X) = Aµ
α(x,X) +
λ
µ2
∂µ(∂
ρAρ
α(x,X)), ∂µATµ
α(x,X) = 0. (73)
To keep calculations simple we set the gauge parameter
λ = 1 (74)
in the rest of this paper. With this choice of λ and with or without
interactions present the transversal part of the gauge field fulfils(
−∂2 − µ2
)
ATµ
α(x,X) = Jµ
α(x,X). (75)
To canonically quantize we first calculate the canonically conjugate
field momenta
Π ν β(x,X) =
∂LG
∂ (∂0Aν β(x,X))
(76)
= Λ−2F0
ν
β(x,X) + Λ
−2η0
ν∂ρA
ρ
β(x,X)
which live in the gauge algebra like the gauge fields
∇αAµ α(x,X) = 0, ∇βΠ ν β(x,X) = 0. (77)
Defining the delta function transversal in inner space
Tδαβ(X − Y ) =
∫
d4K
(2pi)4
Λ4 e−iK(X−Y )
(
ηαβ − KαKβ
K2
)
(78)
16
we next impose generalized canonical equal-time commutation relations[
Aµ
α(t, x;X), Aν β(t, y; Y )
]
= 0[
Πµ
α(t, x;X),Π ν β(t, y; Y )
]
= 0 (79)[
Aµ
α(t, x;X),Π ν β(t, y; Y )
]
= i ηµ
ν Tδα β(X − Y ) δ3(x− y)
consistent with the conditions Eqns.(77) on the gauge fields and their
conjugate momenta.
It is straightforward to re-express the canonical commutation relations
Eqns.(79) in terms of the gauge fields and their first time derivative[
Aµ
α(t, x;X), Aν β(t, y; Y )
]
= 0[
A˙µ
α(t, x;X), A˙ν β(t, y; Y )
]
= 0 (80)[
Aµ
α(t, x;X), A˙ν β(t, y; Y )
]
= i ηµ
ν Λ2 Tδα β(X − Y ) δ3(x− y)
indicating that the sixteen Aµ
α are quantized like a set of scalar fields.
Some, however, will have negative norm in Hilbert space, a fact we will
have to deal with below to arrive at a sensible theory.
Next we ”solve” the field equation Eqn.(70) and the constraint Eqn.(71)
for λ = 1 by Fourier transforming
Aρ
α(x,X) =
∫ d3k
(2pi)3 2ωk
∫ d4K
(2pi)4
Λ4
3∑
γ=0
3∑
Γ=1
(81)
ερ(k, γ) Eα(K,Γ )
{
a+(k, γ;K,Γ ) e
−ikx−iKX + h.c.
}
and putting kµ on the mass shell
k2 = µ2 or ωk =
√
k2 + µ2. (82)
Above γ = 0, 1, 2, 3 and Γ = 1, 2, 3 denote the polarization degrees of
freedom,
ερ(k, 0) =
kρ
µ
and ερ(k, γ), γ = 1, 2, 3 (83)
and
Eα(K,Γ ), Γ = 1, 2, 3 (84)
the corresponding polarization vectors in space-time and inner space. Note
that Γ = 0 does not appear due to the transversality ∇αAµ α(x,X) = 0
of the gauge field in inner space.
ερ and Eα obey the following relations
kρ · ερ(k, γ 6= 0) = 0, ερ(k, γ) · ερ(k, γ′) = ηγγ′ (85)
3∑
γ=1
ερ(k, γ) εσ(k, γ) = −ηρσ + k
ρkσ
µ2
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and
Kα · Eα(K,Γ ) = 0, Eα(K,Γ ) · Eα(K,Γ ′) = ηΓΓ ′ (86)
3∑
Γ=1
Eα(K,Γ ) Eβ(K,Γ ) = −ηαβ + KαKβ
K2
for K2 ≥ 0.
To ensure positivity of the gauge field energy the support of the a+ is
restricted to time- and light-like vectors in inner space [8]
supp
(
a+(k, γ;K,Γ )
)
= R3 ×
(
V+(K) ∪V−(K)
)
. (87)
Inversion yields for a+
a+(k, γ;K,Γ ) = i η
γγ ηΓΓ
∫
d3x
∫
d4X Λ−4 (88)
eikx+iKX ∂0
↔
(
ερ(k, γ)Eα(K,Γ )Aρ α(x,X)(t, x;X)
)
with an analogous expression for a†+.
The commutation relations for the a+, a
†
+ are then easily obtained[
a+(k, γ;K,Γ ), a+(h, γ
′;H,Γ ′)
]
= 0[
a†+(k, γ;K,Γ ), a
†
+(h, γ
′;H,Γ ′)
]
= 0 (89)[
a+(k, γ;K,Γ ), a
†
+(h, γ
′;H,Γ ′)
]
= 2ωk η
γγ′ ηΓΓ
′
Λ−2 (2pi)4δ4(K −H) (2pi)3δ3(k − h)
and show that states have positive norm only for γ, γ′ = 1, 2, 3.
The canonical energy-momentum tensor is calculated as usual
Θµν(x) =
∫
d4X Λ−6
{
F µρ α(x,X) · ∂νAρ α(x,X)
−1
4
ηµνFρσ
α(x,X) · F ρσ α(x,X)
+∂ρA
ρ
α(x,X) · ∂νAµ α(x,X) (90)
−1
2
ηµν∂ρA
ρ
α(x,X) · ∂σAσ α(x,X)
−µ
2
2
ηµνAρ α(x,X) · Aρ α(x,X)
}
.
Next we re-express both the momentum three vector
pi =
∫
d3x
∫
d4X Λ−6 ∂0Aρ α(x,X) · ∂iAρ α(x,X) (91)
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and the energy
p0 =
1
2
∫
d3x
∫
d4X Λ−4
{
∂0Aρ α(x,X) · ∂0Aρ α(x,X) (92)
+∂iAρ α(x,X) · ∂iAρ α(x,X) + µ2Aρ α(x,X) · Aρ α(x,X)
}
in terms of the a+, a
†
+ obtaining the covariant inertial energy-momentum
vector
pν =
1
2
∫ d3k
(2pi)3 2ωk
∫ d4K
(2pi)4
Λ2 kν
3∑
γ=0
3∑
Γ=1
(93)
ηγγ ηΓΓ
{
a+(k, γ;K,Γ )a
†
+(k, γ;K,Γ ) + h.c.
}
.
Note that the energy p0 > 0 is positive if the summation is extended over
γ = 1, 2, 3 only which is the case for purely transversal states.
In an analogous way we next determine the inner momentum tensor
Jµ β(x) =
∫
d4X Λ−6
{
F µρ α(x,X) · ∇βAρ α(x,X) (94)
+∂ρA
ρ
α(x,X) · ∇βAµ α(x,X)
}
and the conserved inner momentum vector
Pβ =
∫
d3x
∫
d4X Λ−6 ∂0Aρ α(x,X) · ∇βAρ α(x,X)
=
1
2
∫
d3k
(2pi)3 2ωk
∫
d4K
(2pi)4
Λ2Kβ
3∑
γ=0
3∑
Γ=1
(95)
ηγγ ηΓΓ
{
a+(k, γ;K,Γ )a
†
+(k, γ;K,Γ ) + h.c.
}
.
All of the above formula are correct again up to the introduction of normal
ordering.
The calculation of the commutators of the inertial energy-momentum
and the inner momentum with a†+ yields[
pµ, a
†
+(k, γ;K,Γ )
]
= ηγγ ηΓΓ kµ a
†
+(k, γ;K,Γ ) (96)[
Pα, a
†
+(k, γ;K,Γ )
]
= ηγγ ηΓΓ Kα a
†
+(k, γ;K,Γ )
allowing for an easy cross-check of the conservation of both types of mo-
menta
[H,pµ] = 0, [H,Pα] = 0. (97)
We establish the usual particle interpretation starting with a vacuum
state
|0〉 with 〈0 |0〉 = 1 (98)
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which is annihilated by the destruction operator a+
a+(k, γ;K,Γ ) |0〉 = 0 (99)
and out of which the creation operator a†+ generates one-particle states
a†+(k, γ;K,Γ ) |0〉 = one-particle state (100)
with definite energy-momentum k, inner momentum K and polarizations
γ, Γ and with normalization
〈0 |a+(h, γ′;H,Γ ′)a†+(k, γ;K,Γ ) |0〉 = 2ωk ηγγ′ ηΓΓ ′ (101)
Λ−2 (2pi)4δ4(K −H) (2pi)3δ3(k − h).
Acting on a simultaneous eigenstate | h,H〉 of pµ and Pα with eigen-
values hµ and Hα respectively we find
pµ a
†
+(k, γ;K,Γ ) |h,H〉 = ηγγ ηΓΓ (hµ + kµ) a†+(k, γ;K,Γ ) |h,H〉
pµ a+(k, γ;K,Γ ) |h,H〉 = ηγγ ηΓΓ (hµ − kµ) a+(k, γ;K,Γ ) |h,H〉 (102)
Pα a
†
+(k, γ;K,Γ ) |h,H〉 = ηγγ ηΓΓ (Hα +Kα) a†+(k, γ;K,Γ ) |h,H〉
Pα a+(k, γ;K,Γ ) |h,H〉 = ηγγ ηΓΓ (Hα −Kα) a+(k, γ;K,Γ ) |h,H〉
which allows us to construct the Fock space of stationary states by ap-
plying multiple creation operators on the vacuum state, however, at the
price of having to deal with an indefinite metric at this point as is usual
in the Stueckelberg-Gupta-Bleuler approach for quantizing gauge fields.
Finally we calculate the time-ordered product of two field operators to
obtain the Feynman propagator for free gauge fields
〈0 |T
(
Aµ
α(x,X)Aν
β(x,X)
)
|0〉 = −iΛ2 Tδαβ(X − Y ) · (103)∫ d4k
(2pi)4
e−ik(x−y)
ηµν
k2 − µ2 + iε
which is local in inner space.
Before turning to discuss the ”gravitational limit” we define the Fock
sub-space of positive norm states requiring their annihilation by ∂ρA(−)ρ
α
FP =
{
|α〉 |∂ρA(−)ρ α(x,X) |α〉 = 0
}
, (104)
where A(−)ρ
α is given by
A(−)ρ
α(x,X) =
∫
d3k
(2pi)3 2ωk
∫
d4K
(2pi)4
Λ4
3∑
γ=0
3∑
Γ=1
(105)
ερ(k, γ) Eα(K,Γ ) a+(k, γ;K,Γ ) e−ikx−iKX
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and its divergence by
∂ρA(−)ρ
α(x,X) =
∫
d3k
(2pi)3 2ωk
∫
d4K
(2pi)4
Λ4
3∑
Γ=0
µ (106)
Eα(K,Γ ) a+(k, 0;K,Γ ) e−ikx−iKX
containing only the destruction operators a+ for γ = 0. Due to Eqn.(101)
FP contains positive norm states only
a†+(k, γ;K,Γ ) |0〉 = positive norm states for γ, Γ = 1, 2, 3 (107)
as required for a consistent probabilistic interpretation of the theory.
Finally we introduce the ”gravitational limit” by mapping K onto k
a¯†(k, γ,Γ ) = lim
K→k
a†+(k, γ;K,Γ ). (108)
The normalization of these states involves again a regularization of the
inner volume [
a¯(k, γ,Γ ), a¯†(h, γ′,Γ ′)
]
= lim
K→k
lim
H→h
2ωk η
γγ′ ηΓΓ
′
Λ−2 (2pi)4δ4(K −H) (2pi)3δ3(k − h) (109)
= 2ωk η
γγ′ ηΓΓ
′ Vreg
Λ4
Λ2 (2pi)3δ3(k − h)
= 2ωk η
γγ′ ηΓΓ
′
Λ2 (2pi)3δ3(k − h)
and yields properly normalized destruction and creation operators belong-
ing to a free gauge field (but with field quanta still remembering that they
carry both inertial and inner energy-momentum).
The physical Fock space Fphys of positive norm states is again obtained
requiring their annihilation by ∂ρA¯(−)ρ
α
Fphys =
{
|β〉 |∂ρA¯(−)ρ α(x) |β〉 = 0
}
, (110)
where
A¯(−)ρ
α(x) =
∫
d3k
(2pi)3 2ωk
3∑
γ=0
3∑
Γ=1
ερ(k, γ) Eα(k,Γ ) a¯(k, γ,Γ ) e−ikx (111)
and
∂ρA¯(−)ρ
α(x) =
∫ d3k
(2pi)3 2ωk
µ
3∑
Γ=1
Eα(k,Γ ) a¯(k, 0,Γ ) e−ikx. (112)
The positive norm one-particle states
a¯†(k, γ,Γ ) |0〉 = physical states for γ, Γ = 1, 2, 3 (113)
represent then the asymptotic field quanta which correspond to the ob-
servable gravitons in our approach.
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5 The Definition of the S-Matrix in Quan-
tum Gravity
In this section we first introduce the operator S mapping the asymp-
totic in-Fock space onto the asymptotic out-Fock space and discuss its
properties. We then define the S-matrix S in quantum gravity as the
gravitational limit of the operator S mapping the physical in-Fock space
onto the physical out-Fock space. S is shown to be a unitary operator on
the asymptotic physical Fock space if S is on the asymptotic Fock space.
Let us define the operator S by its matrix elements
Shj ,Hj ;ki,Ki ≡ 〈h1, H1; . . . ; hm, Hm out |k1, K1; . . . ; kn, Kn in〉 (114)
or
Shj ,Hj ;ki,Ki = 〈h1, H1; . . . ; hm, Hm in |S |k1, K1; . . . ; kn, Kn in〉. (115)
Note that we subsume all quantum numbers other than k and K charac-
terizing an asymptotic stationary state in the above notation as they add
no new features in our context.
Smaps the asymptotic in-Fock space Fin onto the asymptotic out-Fock
space Fout
〈h1, H1; . . . ; hm, Hm in |S = 〈h1, H1; . . . ; hm, Hm out | (116)
and is invertible by construction
〈h1, H1; . . . ; hm, Hm out |S−1 = 〈h1, H1; . . . ; hm, Hm in | . (117)
Next we list a few of the key properties of S [2, 14]:
A) Invariance of the vacuum yields
〈0 in |S = 〈0 out |= eiα〈0 in | (118)
and its uniqueness allows us to set the phase equal to zero so that
〈0 out |= 〈0 in |= 〈0 | . (119)
B) Invariance of the one-particle states yields
〈p, P in |S |p, P in〉 = 〈p, P out |p, P in〉 (120)
= 〈p, P in |p, P in〉 = 1
as we have
|p, P in〉 = |p, P out〉 = |p, P 〉. (121)
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C) The operator adjoint to S is defined by
S† |k1, K1; . . . ; kn, Kn in〉 = |k1, K1; . . . ; kn, Kn out〉 (122)
and S is by construction unitary
〈h1, H1; . . . ; hm, Hm in |SS† |k1, K1; . . . ; kn, Kn in〉
= 〈h1, H1; . . . ; hm, Hm out |k1, K1; . . . ; kn, Kn out〉 (123)
= δhj ,Hj ;ki,Ki
or
SS† = S†S = 1 (124)
if the sets of ortho-normal vectors spanning the asymptotic in- and out-
Fock spaces
|k1, K1; . . . ; kn, Kn in〉, |k1, K1; . . . ; kn, Kn out〉 (125)
in Eqn.(123) are complete.
Note that in the case of gauge fields S is pseudo-unitary only and its
unitarity on the asymptotic in- and out-Fock subspaces of positive norm
states has to be proven. In the case of the gauge field Aµ
α(x,X) we have
established that proof in [10].
Next we define the S-matrix S in quantum gravity by the gravitational
limit of the matrix elements of the operator S
Shj ,ki ≡ lim
Hj→hj
lim
Ki→ki
Shj ,Hj ;ki,Ki (126)
= lim
Hj→hj
lim
Ki→ki
〈h1, H1; . . . ; hm, Hm out |k1, K1; . . . ; kn, Kn in〉
= 〈h1 . . . hm out |k1 . . . kn in〉
= 〈h1 . . . hm in |S |k1 . . . kn in〉.
The operator S maps the asymptotic physical in-Fock space onto the
asymptotic physical out-Fock space
〈h1 . . . hm in |S = 〈h1 . . . hm out | (127)
and is invertible
〈h1 . . . hm out |S−1 = 〈h1 . . . hm in | . (128)
The properties A), B) and C) hold again:
A’) Eqn.(118) yields
〈0 in |S = 〈0 out |= eiβ〈0 in | (129)
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and we can again set the phase equal to zero so that
〈0 out |= 〈0 in |= 〈0 | . (130)
B’) Eqn.(120) yields
〈p in |S |p in〉 = 〈p out |p in〉 (131)
= 〈p in |p in〉 = 1
as we have again
|p in〉 = |p out〉 = |p 〉. (132)
C’) To prove the unitarity of S on the asymptotic physical Fock space
we introduce the self-adjoint projection operator P = P2 which maps
any in- or out-state in the asymptotic positive-norm Fock space on its
gravitational-limit state vector in the asymptotic physical Fock space Fphys
P |k1, K1; . . . ; kn, Kn in〉 = lim
Ki→ki
|k1, K1; . . . ; kn, Kn in〉. (133)
Note that P is the identity in the asymptotic physical Fock space
P = 1phys. (134)
We can now express S in terms of S and P as
〈. . . in |PS = 〈. . . in |SP. (135)
Assuming S to be unitary allows us to write
1phys = P1P = PS
† SP (136)
= S†PPS = S†S.
This proves the unitarity of the gravitational S-matrix S if S is unitary
which is a key pre-requisite for a viable physical theory.
6 Generalized LSZ Reduction Formulae: Mat-
ter Fields
In this section we generalize the LSZ reduction formulae to quantum
gravity thereby expressing S-matrix elements as the gravitational limit of
truncated Fourier-transformed vacuum expectation values of time-ordered
products of field operators of the interacting theory on the mass shell in
the usual way [2, 14]. Noting that the generating functional of the lat-
ter in the presence of gauge fields has been defined and renormalized to
one-loop in [10] this puts us in a position to perturbatively calculate any
S-matrix element containing external ”matter” states.
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6.1 Scalar Field
Following the standard approach [14] let us start with the field equation
for the interacting field(
−∂2 −m2
)
ϕ(x,X) = j(x,X). (137)
Here j contains all the interaction terms including possible self-interactions.
We next define the in- and out-fields ϕin/out
√
Z ϕin/out(x,X) = ϕ(x,X) (138)
−
∫
d4y
∫
d4Y Λ−4∆ret/adv(x− y,X − Y ) j(y, Y ),
where ∆ret/adv are the retarded and advanced Green functions(
−∂2 −m2
)
∆ret/adv(x− y,X − Y ) = Λ4 δ4(X − Y ) δ4(x− y) (139)
vanishing for x0 < y0 and x0 > y0 respectively.
By construction ϕin/out fulfil the Euler-Lagrange equation Eqn.(19) for
a free scalar field (
−∂2 −m2
)√
Z ϕin/out(x,X) = 0 (140)
which we have quantized in section 3 including the construction of the
asymptotic physical Fock space of stationary states.
We leave aside the more technical discussion of the Kallen-Lehmann
spectral representation for the commutator of two interacting fields which
restricts Z to
0 ≤ Z < 1 (141)
as no new mathematical features arise.
Noting that ϕ(x,X) → √Z ϕin/out(x,X) for x0 → ±∞ can hold as
usual in the mean only
lim
x0→±∞
〈β |ϕ(x0 , x;X) |α〉 =
√
Z 〈β |ϕout/in(x0 , x;X) |α〉 (142)
we turn to link matrix elements of the gravitational S-operator to vacuum
expectation values of time-ordered products of interacting field operators.
Starting with a general S-matrix element 〈β out | k α in〉, where the
in-state contains a one-particle state with momentum k, we perform the
first reduction in quite some detail
Sβ,kα = 〈β out |k α in〉 = 〈β out | a¯†in(k) |α in〉
= lim
K→k
〈β out |a†in(k;K) |α in〉
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= 〈β −k out |α in〉
+ lim
K→k
〈β out |a†in(k;K)− a†out(k;K) |α in〉
= elastic contribution
− lim
K→k
i
∫
d3x
∫
d4X Λ−4 e−ikx−iKX
∂0
↔ 〈β out |ϕin(x0 , x;X)− ϕout(x0 , x;X) |α in〉
= elastic contribution
+ lim
K→k
i√
Z
(
lim
x0→∞
− lim
x0→−∞
) ∫
d3x
∫
d4X Λ−4
e−ikx−iKX ∂0
↔ 〈β out |ϕ(x0 , x;X) |α in〉 (143)
= elastic contribution
+ lim
K→k
i√
Z
∫
d4x
∂
∂x0
∫
d4X Λ−4
e−ikx−iKX ∂0
↔ 〈β out |ϕ(x0 , x;X) |α in〉
= elastic contribution
+ lim
K→k
i√
Z
∫
d4x
∫
d4X Λ−4 e−ikx−iKX
(
∂
→2
0
− ∂←2
0
)
〈β out |ϕ(x0 , x;X) |α in〉
= elastic contribution
+ lim
K→k
i√
Z
∫
d4x
∫
d4X Λ−4 e−ikx−iKX
(
∂
→2
+m2
)
〈β out |ϕ(x,X) |α in〉,
where we have made crucial use of the asymptotic condition Eqn.(142)
and the on-shell condition k2 = m2.
Iterating the above steps we obtain the generalized LSZ reduction for-
mula for scalar matter
〈h1 . . . hm out |k1 . . . kn in〉 =
(
i√
Z
)m+n
Πni=1 lim
Ki→ki
Πmj=1 lim
Hj→hj
Πni=1
∫
d4xi
∫
d4X i Λ
−4nΠmj=1
∫
d4yj
∫
d4Yj Λ
−4m
Πni=1e
−ikixi−iKiXi
(
∂
→2
i +m
2
)
(144)
〈0 |T
(
ϕ(x1, X1) . . . ϕ(xn, Xn)ϕ(y1, Y1) . . . ϕ(ym, Ym)
)
|0〉
Πmj=1
(
∂
←2
j +m
2
)
eihjyj+iHjYj
linking general matrix elements of the gravitational S-operator to vacuum
expectation values of time-ordered products of interacting field operators.
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6.2 Dirac Field
Let us start with the field equation for the interacting Dirac field
(i∂/−m)ψ(x,X) = j(x,X) (145)
where j contains all the interaction terms.
We next define the in- and out-fields ψin/out
√
Z2 ψin/out(x,X) = ψ(x,X) (146)
−
∫
d4y
∫
d4Y Λ−4 Sret/adv(x− y,X − Y ) j(y, Y ).
Above Sret/adv are the retarded and advanced Green functions of the Dirac
operator
(i∂/−m)Sret/adv(x− y,X − Y ) = Λ4 δ4(X − Y ) δ4(x− y) (147)
vanishing for x0 < y0 and x0 > y0 respectively.
By construction ψin/out fulfil the free Dirac equation Eqn.(49)
(i∂/ −m)
√
Z2 ψin/out(x,X) = 0 (148)
which we have quantized in section 3 including the construction of the
asymptotic physical Fock space of stationary states.
Noting that
lim
x0→±∞
〈β |ψ(x0 , x;X) |α〉 =
√
Z2 〈β |ψout/in(x0 , x;X) |α〉 (149)
holds as usual in the mean only we obtain the generalized LSZ reduction
formula for Dirac matter in an analogous way as for scalar matter
〈h1 . . . hm; h′1 . . . h′m′ out |k1 . . . kn; k′1 . . . k′n′ in〉 =
(−)m+nΠni=1 lim
Ki→ki
Πn
′
r=1 lim
K ′r→k
′
r
Πmj=1 lim
Hj→hj
Πm
′
s=1 lim
H′s→h
′
s(
i√
Z2
)n+n′
Πni=1
∫
d4xi
∫
d4X i Λ
−4nΠn
′
r=1
∫
d4x′r
∫
d4X ′r Λ
−4m
(
i√
Z2
)m+m′
Πmj=1
∫
d4yj
∫
d4Y j Λ
−4mΠm
′
s=1
∫
d4y′s
∫
d4Y ′s Λ
−4n
Πmj=1u¯(hj , tj) e
ihjyj+iHjYj
(
i∂/
→
j −m
)
(150)
Πn
′
r=1v¯(k
′
r, s
′
r) e
−ik′rx
′
r−iK
′
rX
′
r
(
i∂/
→ ′
r −m
)
〈0 |T
(
. . . ψ¯(y′s, Y
′
s ) . . . ψ(yj, Yj) . . . ψ¯(xi, Xi) . . . ψ(x
′
r, X
′
r) . . .
)
|0〉
Πni=1
(
− i∂/← i −m
)
u(ki, si) e
−ikixi−iKiXi
Πm
′
s=1
(
− i∂/← ′s −m
)
v(h′s, t
′
s) e
ih′sy
′
s+iH
′
sY
′
s
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linking general matrix elements of the gravitational S-operator to the
gravitational limit of vacuum expectation values of time-ordered products
of interacting Dirac field operators.
7 Generalized LSZ Reduction Formulae: Gauge
Field
In this section we establish the LSZ reduction formulae for the gauge field
thereby expressing S-matrix elements with external gauge particles as the
gravitational limit of truncated Fourier-transformed vacuum expectation
values of time-ordered products of field operators of the interacting theory
on the mass shell. Note that the generating functional of the latter has
been defined and renormalized to one-loop which puts us in a position
to perturbatively calculate any S-matrix element of interest in quantum
gravity [10].
Let us start with the field equation Eqn.(75) with λ = 1 for the inter-
acting transversal gauge field(
−∂2 − µ2
)
ATµ
α(x,X) = Jµ
α(x,X). (151)
Here Jµ
α contains all the interaction terms including possible self-interact-
ions. We deal with the transversal part of the gauge field as it is for
this field components only that a sensible asymptotic condition can be
formulated [2]. Note that the case λ 6= 1 could be dealt with in the usual
way.
We next define the in- and out-fields ATµ
α
in/out
√
Z3A
T
µ
α
in/out(x,X) = A
T
µ
α(x,X) (152)
−
∫
d4y
∫
d4Y Λ−4∆µν
αβ
ret/adv(x− y,X − Y ) Jν β(y, Y )
where ∆µν
αβ
ret/adv are the retarded and advanced Green functions transver-
sal in inner space(
−∂2 − µ2
)
∆µν
αβ
ret/adv(x− y,X − Y ) = ηµν Tδαβ(X − Y ) δ4(x− y) (153)
which vanish for x0 < y0 and x0 > y0 respectively.
By construction ATµ
α
in/out fulfil the field equations Eqn.(75) for J = 0(
−∂2 − µ2
)√
Z3A
T
µ
α
in/out(x,X) = 0 (154)
for the transversal part of the free gauge field obeying
∂µATµ
α
in/out(x,X) = 0. (155)
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We have quantized this field which only contains physical degrees of free-
dom in section 4. It is given in terms of creation and annihilation operators
and the two polarization vectors as
ATµ
α
in/out(x,X) =
∫
d3k
(2pi)3 2ωk
∫
d4K
(2pi)4
Λ4
3∑
γ=1
3∑
Γ=1
(156)
εµ(k, γ) Eα(K,Γ )
{
a+in/out(k, γ;K,Γ ) e
−ikx−iKX + h.c.
}
.
As noted above the asymptotic condition is formulated for the transver-
sal part of the gauge field ATρ
α(x,X)→√Z3ATρ αin/out(x,X) for x0 → ±∞
and holds in the mean only
lim
x0→±∞
P〈β |ATρ α(x0 , x;X) |α〉P =
√
Z3
P〈β |ATρ αout/in(x0 , x;X) |α〉P . (157)
In the sequel P〈 . . . | and | . . . 〉P denote physical gauge particle states con-
taining only transversal space-time polarizations.
Starting with a general S-matrix element P〈β out | k α in〉P , where the
in-state contains a one-particle state with momentum k, space-time and
inner polarizations γ and Γ respectively, we again perform the first reduc-
tion in some detail
Sβ,kα =
P〈β out |k α in〉P = P〈β out | a¯†in(k, γ,Γ ) |α in〉P
= lim
K→k
P〈β out |a†+in(k, γ;K,Γ ) |α in〉P
= P〈β −k out |α in〉P
+ lim
K→k
P〈β out |a†+ in(k, γ;K,Γ )− a†+out(k, γ;K,Γ ) |α in〉P
= elastic contribution
− lim
K→k
i
∫
d3x
∫
d4X Λ−4 e−ikx−iKXερ(k, γ)Eα(K,Γ )
∂0
↔ P〈β out |ATρ αin(x0 , x;X)− ATρ αout(x0 , x;X) |α in〉P
= elastic contribution
+ lim
K→k
i√
Z3
(
lim
x0→∞
− lim
x0→−∞
) ∫
d3x
∫
d4X Λ−4 e−ikx−iKX
ερ(k, γ)Eα(K,Γ )∂0↔ P〈β out |ATρ α(x0 , x;X) |α in〉P
= elastic contribution
+ lim
K→k
i√
Z3
∫
d4x
∂
∂x0
∫
d4X Λ−4 e−ikx−iKX
ερ(k, γ)Eα(K,Γ )∂0↔ P〈β out |ATρ α(x0 , x;X) |α in〉P(158)
= elastic contribution
+ lim
K→k
i√
Z3
∫
d4x
∫
d4X Λ−4 e−ikx−iKXερ(k, γ)Eα(K,Γ )
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(
∂
→2
0
− ∂←2
0
)
P〈β out |ATρ α(x0 , x;X) |α in〉P
= elastic contribution
+ lim
K→k
i√
Z3
∫
d4x
∫
d4X Λ−4 e−ikx−iKXερ(k, γ)Eα(K,Γ )(
∂
→2
+ µ2
)
P〈β out |ATρ α(x;X) |α in〉P
= elastic contribution
+ lim
K→k
i√
Z3
∫
d4x
∫
d4X Λ−4 e−ikx−iKXερ(k, γ)Eα(K,Γ )(
∂
→2
+ µ2
)
P〈β out |Aρ α(x;X) |α in〉P
= elastic contribution
+ lim
K→k
i√
Z3
∫
d4x
∫
d4X Λ−4 e−ikx−iKX
ερ(k, γ)Eα(K,Γ )P〈β out |Jρ α(x;X) |α in〉P ,
where we have made crucial use of the transversality restricting γ to γ =
1, 2, 3, the asymptotic condition Eqn.(157) and the on-shell condition k2 =
µ2.
Iterating the above steps we finally obtain the generalized LSZ reduc-
tion formula for the gauge field
〈h1 . . . hm out |k1 . . . kn in〉 =
(
i√
Z3
)m+n
Πni=1 lim
Ki→ki
Πmj=1 lim
Hj→hj
Πni=1
∫
d4xi
∫
d4X i Λ
−4nΠmj=1
∫
d4yj
∫
d4Yj Λ
−4m
Πni=1ε
ρi(ki, γi)Eαi(Ki,Γi)e−ikixi−iKiXi
(
∂
→2
i + µ
2
)
(159)
P〈0 |T
(
. . . Aρi
αi(xi, Xi) . . .Aσj
βj (yj, Yj) . . .
)
|0〉P
Πmj=1
(
∂
←2
j + µ
2
)
eihjyj+iHjYjεσj (hj, γ
′
j)Eβj(Hj,Γ ′j).
8 Conclusions
In this paper we have first reviewed the construction of the gauge the-
ory of volume-preservering diffeomorphisms. Key to that construction is
that both matter and gauge fields carry an additional continuous number
of inner degrees of freedom allowing to represent the infinite-dimensional
gauge group in field space. As the actions of the matter and gauge fields
are by construction invariant under both Poincare´ and volume-preserving
diffeomorphism group transformations Noether’s theorem yields two in-
dependently conserved four-vectors - inertial and gravitational energy-
momentum which in our approach play physically fundamentally different
roles [8].
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In order to further uncover the physical content of the theory we then
have canonically quantized the free scalar and Dirac fields properly deal-
ing with the additional degrees of freedom in the quantization process.
By construction both types of free fields do not only carry the usual in-
ertial, but also gravitational energy-momentum for which we get explicit
expressions in terms of creation and annihilation operators. Using those
operators we then have constructed the respective Fock spaces of sta-
tionary states which are labelled by the usual quantum numbers and -
in addition - the gravitational energy-momentum four-vector. Finally we
have introduced what we call the ”gravitational limit”. It is defined by
collapsing the gravitational energy-momentum onto the inertial energy-
momentum to account for their observed equality. Mapping a product
of two Minkowski spaces onto one yields a singular limit and requires in
the case of commutation relations of creation and annihilation operators
a regularization of the volume of inner X-space. Using the freedom of set-
ting that regularized volume equal to the hitherto unspecified Λ4 allows
us to demonstrate that the commutation relations in the gravitational
limit are equivalent to those for a free quantum field without additional
inner degrees of freedom - which corresponds to an observable particle. As
a result we have a description of observable particles which ”remember”
that they carry both inertial and gravitational energy-momentum - one
allowing to express energy-momentum conservation, the other being the
current to which the gauge field couples.
In order to properly quantize the gauge field we have employed Stueck-
elberg’s approach adding both a gauge fixing and a mass term to the
original gauge field Lagrangian [2]. This has allowed us to quantize the
gauge field as a set of scalar fields. As the corresponding commutation
relations come along with both signs the Fock space of stationary states
has no definite metric and has for the observable states to be restricted
to positive norm states in the usual way. The corresponding states are
transversal in relation to the inertial energy-momentum vector k. The
one new key feature related to the additional inner degrees of freedom is
the occurrence of additional inner polarization degrees of freedom. As the
gauge fields are divergence-free in inner space field quanta can carry only
transversal inner polarization. Hence, a physical field quantum carries
two independent polarizations being spin-1 in both space-time and inner
space. Taking the gravitational limit finally leaves us with a physical Fock
space of stationary states labelled by the usual momentum vector and a
tensor-product of two transversal spin-1 polarizations - or with transversal
spin-2 field quanta which describe the observable exchange particles for
the gravitational force in our approach.
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Having constructed the asymptotic states of the theory we then have
turned to the definition of the S-matrix in quantum gravity. Our starting
point have been the transition amplitudes of asymptotic in- to out-states
which carry both inertial and gravitational energy-momentum. The cor-
responding ”large” S-matrix displays the usual properties, most impor-
tantly it is unitary. The S-matrix in quantum gravity or ”small” S-matrix
is then defined as the gravitational limit of the transition amplitudes of
asymptotic in- to out-states and relates in- and out-states of observable
particles carrying gravitational equal to inertial energy-momentum. Fi-
nally we have shown that the small S-matrix enjoys the same properties
as the large one, notably it is unitary if the large one is.
In the last two sections of this paper we have established generalized
LSZ reduction formulae for scalar and Dirac matter and the gauge field
which allow to express S-matrix elements as the gravitational limit of
truncated Fourier-transformed vacuum expectation values of time-ordered
products of field operators of the interacting theory. Together with the
generating functional of the latter established in [10] we can in principle
compute any transition amplitude to any order in perturbative quantum
gravity. Such calculations yielding well-defined transition amplitudes are
obviously only meaningful if both divergent space-time and inner space
integrals appearing in the theory are renormalizable and regularizable in
a way respecting the theory’s symmetries respectively.
In [10] we have given a few hints at the theory’s renormalizability, how-
ever no proof - the absence of which provides ample ground for scepticism
vis-a-vis our approach. In the meantime based on a BRST-type of sym-
metry given in [10] we have established a full proof of the renormalizabilty
w.r.t divergent space-time integrals and consistent regularizability w.r.t.
divergent inner space integrals of the gauge theory of volume-preserving
diffeomorphisms [11].
We note that at any stage of the calculation of S-matrix elements
before projecting the gravitational momentum of an asymptotic - and
hence free and observable - state onto the inertial momentum of this state
the gravitational momentum is a mathematical entity carried separately
through the interacting theory like colour is carried through interacting
QCD - so the interacting theory and its correlation functions are always
defined on both the x- and X-space as shown e.g. in Eqn.(144). It is
only for asymptotic, observable states that the projections are done -
and these projections have explicitly been performed in sections 3 and 4
without mathematical difficulties beyond the ones discussed.
Finally why and on what basis do we claim that our approach might
serve as a quantum theory of gravity?
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On the one hand it fulfils general requirements such as the universal
coupling to all other fields [8, 10]. On the other if it is a theory of gravity
we should be able to analyse physical situations for which we can make and
compare predictions both within the framework of the theory presented
as well as within at least the standard framework of Newtonian gravity
dealt with quantum-mechanically.
With the results of this paper we can evaluate the gauge theory of
volume-preserving diffeomorphisms perturbatively for the scattering of
particles and one situation of physical interest is the gravitational scat-
tering of two particles with different masses. Having done this in [11]
we find that the gravitational scattering cross-section of two Dirac par-
ticles with different masses indeed reduces in an appropriate limit to the
cross-section of a non-relativistic particle scattering off an infinitely heavy
scatterer calculated quantum mechanically in Newtonian gravity.
This is an important indication that the gauge field theory of volume-
preserving diffeomorphisms can be viewed as a renormalizable quantum
theory of gravity.
What remains as a difficult open question, however, is the classical
limit to the quantum theory presented. To work out what happens for
h¯→ 0 is indeed even less trivial than for other quantum field theories due
to the fact that h¯ appears in the theory not only in the usual form, but in
addition through the Planck scale which is the length scale Λ appearing
in the theory - and the Planck scale itself vanishes with h¯→ 0 as well. We
have worked out the leading order to limit h¯ → 0 in [9] which results in
a linear relativistic theory of gravitation. Its non-relativistic limit yields
Newtonian gravitation without further assumptions - however, for consis-
tency reasons the full classical limit has to contain non-linearities which
will be very hard to work out directly.
As the absence of such a direct comparison to Einstein’s theory pro-
vides ample ground for scepticism vis-a-vis our approach we have estab-
lished a strong argument on the basis of symmetry considerations that in
the low energy approximation General Relativity comes indeed to the fore
as the classical limit to the gauge theory of volume-preserving diffeomor-
phisms [13].
9 Notations and Conventions
Generally, (M4 , η) denotes the four-dimensional Minkowski space with
metric η = diag(1,−1,−1,−1), small letters denote space-time coordi-
nates and parameters and capital letters denote coordinates and parame-
ters in inner space.
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Specifically, xλ, yµ, zν , . . . denote Cartesian space-time coordinates. The
small Greek indices λ, µ, ν, . . . from the middle of the Greek alphabet run
over 0 , 1 , 2 , 3. They are raised and lowered with η, i.e. xµ = ηµν x
ν etc.
and transform covariantly w.r.t. the Lorentz group SO(1 , 3). Partial
differentiation w.r.t to xµ is denoted by ∂µ ≡ ∂∂xµ . Small Latin indices
i, j, k, . . . generally run over the three spatial coordinates 1 , 2 , 3 [2, 14].
Xα, Y β , Zγ, . . . denote inner coordinates and gαβ the flat metric in
inner space with signature +,−,−,−. The metric transforms as a con-
travariant tensor of Rank 2 w.r.t. DIFFM4 . Because Riem(g) = 0 we
can always globally choose Cartesian coordinates and the Minkowski met-
ric η which amounts to partially fixing the gauge to Minkowskian gauges.
The small Greek indices α, β, γ, . . . from the beginning of the Greek al-
phabet run again over 0 , 1 , 2 , 3. They are raised and lowered with g,
i.e. xα = gαβ x
β etc. and transform as vector indices w.r.t. DIFFM4 .
Partial differentiation w.r.t to Xα is denoted by ∇α ≡ ∂∂Xα .
The same lower and upper indices are summed unless indicated other-
wise.
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